It is often inevitable to introduce an indefinite-metric space in quantum field theory, for example, which is explained for the sake of manifestly covariant quantization of the electromagnetic field. We show two more evident mathematical reasons why such indefinite metric appears. The first idea is the replacement of involution on an algebra A, which explains that non isomorphic two algebras are transformed each other by the replacement of involution. The second is that a covariant (Hilbert space) representation (H, π, U ) of an involutive dynamical system (A, Z 2 , α) brings a Krein space representation of the algebra A with the replaced involution. For example, we show representations of abnormal CCRs, CARs and pseudo-Cuntz algebras arising from those of standard CCRs, CARs and Cuntz algebras.
Introduction
The involution is one of most important structures on operator algebras [18] . Especially, the C * -condition is a nice characterization of a special involution with respect to norm. However, it is not sufficient for algebras of field operators with an involution in quantum field theory, for example, the quantum electrodynamics. The algebra A in such theory do not satisfy not only C * -condition but also positivity of the operator I + x * x for x ∈ A.
According to the preface in [4] , the theory of indefinite-metric space has two origins which are relatively independent. One is the quantum field theory [8, 21] and other is the functional analysis [23, 24] . In theoretical physics, an indefinite-metric space is brought as a representation of the algebra of field operators [17, 20] . In this paper, we systematically show that a certain class of algebras with an involution brings an indefinite-metric where I means the unit in each case. Relations (1.1), (1.2) and (1.3) are called the abnormal canonical commutation relations, the abnormal canonical anti-commutation relations, and the pseudo-Cuntz relations, respectively. Define involutive algebras AB, AF and O (0) 1,1 generated by them, respectively and consider their involutive representations.
In § 3 of [20] , it was explained that involutive representations of AB and AF bring indefinite-metric spaces as the involutive representation space of them. Assume that (·|·) is a nondegenerate hermitian form on V and AB is involutively represented on (V, (·|·)) such that there is a vector Ω ∈ V with (Ω|Ω) > 0 and aΩ = 0. Then (a † Ω|a † Ω) = −(Ω|Ω) < 0. Hence (1.1) bring an indefinite-metric representation in this case. Because the algebra generated by (1.1) is involutively isomorphic to that of canonical commutation relations, the reason why an indefinite-metric space appears may be considered as the choice of vacuum. On the other hand, we can verify that any unital involutive representation of AF must be an indefinite-metric space. In [14] , we introduced η-CCRs and η-CARs which are generalization of (1.1) and (1.2), and their representations on Krein spaces by modifying Fock representations of standard CCRs and CARs.
In [1] , we introduced O
1,1 which is called the pseudo-Cuntz algebras in order to construct representations of the FP (anti) ghost fields in string theory. It is understood that there is no C * -algebra which contains O (0) 1,1 as a involutive subalgebra. We constructed O (0) 1,1 as the algebra of operators on a certain Krein space [3, 4, 11] , that is, a direct sum of two Hilbert spaces V ± , where V + has a positive-definite inner product and V − has a negative-definite one.
We replace the involution † by * for AB, AF , O
1,1 as follows: Define three automorphisms α, β and γ of AB, AF , O 
1,1 by
Then we see that
New relations (1.5), (1.6) and (1.7) are nothing but CCRs, CARs and the relations of canonical generators of the Cuntz algebra O 2 . On the other hand, we see that α, β and γ in (1.4) are also Z 2 -actions of A B , A F and O 2 , respectively and x † = α(x * ), y † = β(y * ) and z † = γ(z * ) for x ∈ A B , y ∈ A F and z ∈ O 2 . Furthermore the replacement of involution is not only the change of appearance but also compatible to construct representations of AB, AF , O (0) 1,1 on Krein spaces. Let A B and A F be involutive algebras generated by {a, a * } in(1.5) and {f, f * } in (1.6), respectively. Remark that A B and A F are same as AB and AF as algebras if we take no account of their involutions.
Assume that (H, ·|· ) is a Hilbert space and (H, π, η) is a covariant representation of the dynamical system (A,
Then we see that η is a selfadjoint unitary on H and (H, (·|·)) is a Krein space such that
where H ± ≡ {v ∈ H : ηv = ±v}. In this way, we see that a covariant representation of the involutive algebra (A, * ) is closely related to the Krein space representation of another involutive algebra (A, †).
In § 2, we introduce the indefinite involution in order to show the difference between † and * in the above three examples and define Krein C * -algebras which are generalizations of C * -algebras including AF , O (0) 1,1 and the algebra of the Weyl form of abnormal CCRs. In § 3 and § 4, we introduce the η-CCR algebra and the η-CAR algebra, the pseudo-Cuntz algebra as examples of Krein C * -algebra.
2 Krein C * -algebra
In order to introduce the indefinite involution, we review the indefinite metric on a vector space according to [3, 4, 11] .
Indefinite metric on vector space
On a complex vector space V , a map (·|·) from V × V to C is called a hermitian form on V if (·|·) is sesquilinear and (v|w) = (w|v) for each v, w ∈ V . In the theory of indefinite-metric space and quantum field theory, such a hermitian form is called by an inner product or a metric. A hermitian form (·|·) is indefinite if there are v, w ∈ V such that (w|w) < 0 < (v|v). Such pair (V, (·|·)) is called an indefinite-metric space or an indefinite-inner product space. A hermitian vector space (H, (·|·)) is a Krein space if there is a decomposition H = H + ⊕ H − and (H ± , ±(·|·)) is a Hilbert space. This decomposition is called a fundamental decomposition of (H, (·|·)). By definition, the new hermitian form ·|· on H defined by v|w ≡ (E + v|E + w) − (E − v|E − w) for v, w ∈ H, is positive-definite where E ± is the projection from H onto H ± . The operator U ≡ E + − E − is called a fundamental symmetry of (H, (·|·)).
For a given Krein space, its fundamental decomposition is not unique in general. Hence we use a Krein triplet (H, ·|· , η), that is, a Hilbert space (H, ·|· ) and a selfadjoint unitary η on H. For a Krein triplet (H, ·|· , η), let H ± ≡ {v ∈ H : ηv = ±v}. Then H = H + ⊕ H − . Hence (H, (·|·)) is a Krein space with the nondegenerate hermitian form (·|·) defined by (v|w) ≡ v|ηw for v, w ∈ H. For any operator A on H, there exists unique operator A ⋆ on H such that (A ⋆ v|w) = (v|Aw) for each v, w ∈ H because (·|·) is nondegenerate.
Indefinite involution on algebra
In this paper, any algebra means an algebra over C. A map ϕ on A is called an involution on A if ϕ is a conjugate linear map which satisfies ϕ(xy) = ϕ(y)ϕ(x) for each x, y ∈ A and ϕ 2 = id. An involution ϕ is often denoted by * , †, # [19, 21, 26] . In physics, for an operator A, the operator A † is often called the hermite conjugate of A, which is the image of an involution † of A.
In § 3 of [20] , it is shown that an indefinite-metric space is brought as a * -representation of the * -algebra of abnormal commutation relations. We show that the reason why an indefinite-metric space appears is the choice of involution on the algebra. In fact, abnormal commutation relations are constructed by a replacement of involution from (anti-) canonical commutation relations. Such involution do not satisfy C * -condition for any norm.
The terminology of " * -algebra" is not suitable to treat two different involutions on an algebra at once [14, 21] . Hence we use a terminology, involutive algebra instead of it according to Chap.1, § 6, 1 in [5] . A pairing (A, * ) is an involutive algebra if * is an involution on an algebra A. Of course, a * -algebra A is an involutive algebra (A, * ). An involutive algebra (A, * ) is called a Banach involutive algebra if A is a Banach algebra and x * = x for each x ∈ A. A Banach involutive algebra (A, * ) is a C * -algebra if x * x = x 2 for each x ∈ A. For involutive algebras (A, * ) and (ii) The involution * is indefinite if there are x, y ∈ A such that sp(
The involution of any C * -algebra is positive-definite [10, 13, 15] . If A has the unit I, then I * = I for each involution * on A. Hence if there is an element x ∈ A such that sp( 
Example 2.3 Let M 2 (C) be the unital C * -algebra of all 2 × 2 matrices with complex entries by standard operations. Define the new involution
These examples show that both the non-commutativity and the infinitedimensionality of an algebra is not essential for the indefinite involution. In quantum field theory, the indefinite involution often appears. The involution † on the algebra generated by each relation (1.1), (1.2) and (1.3) is indefinite.
Example 2.4 Let (H, ·|· , η) be a Krein triplet and let B(H) be a C * -algebra of all bounded linear operators on the Hilbert space (H, ·|· ). For x ∈ B(H), the adjoint x † of x with respect to the hermitian form (·|·) ≡ ·|η(·) satisfies
If η = I, then † is an indefinite involution on B(H).
Krein C * -algebra
For an involutive algebra (A, * ), we denote Aut(A, * ) the set of all involutive automorphisms of (A, * ) and define Aut 2 (A, * ) ≡ {α ∈ Aut(A, * ) :
We generalize the notion of C * -algebra according to the definition of Krein space.
In this case, α is called a fundamental symmetry of (A, †).
By definition, if (A, †) is a Krein C * -algebra with a fundamental symmetry α, then (A, α • †) is a C * -algebra and * ≡ α • † satisfies * • α = α • * . We do not know that the uniqueness of fundamental symmetry of a given Krein C * -algebra (A, †). Hence we define a Krein triplet (A, * , α) by a C * -algebra (A, * ) and α ∈ Aut 2 (A, * ). For two Krein triplets (A, * , α) and (B, †, β) of C * -algebras are isomorphic if there is an involutive isomorphism ψ from (A, * ) and (B, †) such that ψ • α = β • ψ. An algebra B is a subalgebra of Krein triplet (A, ϕ, α) of C * -algebra if B is a C * -subalgebra of A such that α(B) = B. If (A, * , α) and (B, †, β) are isomorphic, then (A, #, α) and (B, ⋆, β) are isomorphic where x # ≡ α(x * ) and y ⋆ ≡ β(y † ) for x ∈ A and y ∈ B.
If (A, * , α) is a Krein triplet of C * -algebra, then there is a natural decomposition
We see that {x * : x ∈ A ± } ⊂ A ± . Especially, A + is the fixed-point subalgebra A α of A with respect to α. Define x † ≡ α(x * ) for x ∈ A. Then
In this sense, † on A + (resp. A − ) is positive-definite (resp. negative-definite) because x * x ≥ 0 for each x ∈ A. Therefore the decomposition in (2.1) is regarded as an analogy of a fundamental decomposition of a Krein space. Because x * = α(x * ) for each x ∈ A + , the Banach involutive algebra
where A †s.a is the set of all †-selfadjoint elements in A and others are defined as the same way. The part of √ −1(A − ) * s.a often brings an imaginary spectrum of †-selfadjoint operator in quantum field theory.
Construction of involutive representation of Krein C * -algebra
We construct an involutive representation of an algebra with an indefinite involution from an algebra with a positive-definite involution.
Definition 2.6 (i) A linear map A on a Krein space (H, (·|·)) is bounded
if A is bounded with respect to the canonical Hilbert space of (H, (·|·)).
We denote the set of all bounded linear operators on H by B(H).
(ii) A pairing (H, π) is an involutive representation of an involutive algebra (A, †) if H is a Krein space with the hermitian form (·|·) and π is a homomorphism from
We see the following.
Proposition 2.7 Let (A, * , α) be a Krein triplet of C * -algebra and define
Assume that H is a Hilbert space with the positive-definite metric ·|· and
Then H is a Krein space with respect to the hermitian form (·|·) and π is an involutive representation of (A, †) on (H, (·|·)).
Proof. Define the adjoint A ⋆ of an operator A on the Krein space (H, (·|·)) by (A ⋆ v|w) = (v|Aw) for each v, w ∈ H. Then we can verify that π(
Under the same assumption in Proposition 2.7, we see that
where H ± ≡ {v ∈ H : ηv = ±v} and A ± is as in ( 
For a representation (H, π) of a C * -algebra A and a C * -dynamical system (A, G, α) with a locally compact group G, the regular representation (L 2 (G, H),π⋊λ) of the crossed product A⋊G by (H, π) is the representation which is induced by the following covariant representation (L 2 (G, H),π, λ) as follows ( § 7.7, [22] ):
We apply this for G = Z 2 . Let (H, π) be a representation of a C * -algebra A and let α be an action of Z 2 on A. Assume that there is no unitary U on
where e 0 and e 1 are standard basis of C 2 . Define the unitary U onH by U v ⊗ e i ≡ v ⊗ e 1−i for i = 0, 1. Then we can verify that Uπ(x)U * =π(α(x)) for x ∈ A. Hence (H,π, U ) is a covariant representation of the C * -dynamical system (A, Z 2 , α). Define the hermitian form (·|·) onH by (·|·) ≡ ·|U (·) . DefineH ± ≡ {z ∈H : U z = ±z}. Theñ
In this way, we can construct a representation which satisfies the assumption in Proposition 2.7.
3 η-CCR and η-CAR algebra
In [14] , we introduced η-CCRs and η-CARs as families of operators on Krein spaces. Here we reformulate them without use of representation. For a Hilbert space (H, ·|· ), let (A B (H), * ) and (A F (H), * ) be the CCR algebra and the CAR algebra over H, respectively ( § 5.2.1 in [6] ). Define (A(H), * ) the involutive algebra generated by CCRs {a(f ), a * (f ) : f ∈ H} over H. Note that (A B (H), * ) and (A F (H), * ) are unital C * -algebras and (A(H), * ) is not. Let η be a selfadjoint unitary on H.
η-CCR algebra
Let (A
B (H, η), †) be the involutive algebra generated by a family {W (f ) : f ∈ H} which satisfies
Define the involutive automorphism α on (A (0) B (H, η) , †) be the involutive algebra generated by a family {a(f ), a † (f ) : f ∈ H} which satisfies
Let (A
We call (A B (H, η) , †) the algebra of CCRs over H. Similar algebras are treated in § 4 of [16] .
η-CAR algebra

Let (A (0)
F (H, η), †) be the involutive algebra generated by a family {a(f ), a † (f ) : f ∈ H} which satisfies
Define the involutive automorphism α on (A (0)
Lemma 3.3 There exists unique norm
Proof. In the similarity of the proof of Lemma 3.1, the statement holds.
Definition 3.4 The completion
A F (H, η) of A (0)
F (H, η) with respect to the norm in Lemma 3.3 is called the η-CAR algebra over H.
The algebra A F (H, η) is a Krein C * -algebra with a fundamental symmetry α.
Representation in Krein space
In [14] , we have already given involutive representations (= the η-Fock representations) of (A B (H, η), †) and (A F (H, η), †). 
where (·|·) is the hermitian form on
Here topologies on F + (H) and F − (H) are taken as the norm topology induced by the inner product ·|· .
Proof. For (ii) and (iii), see Theorem 1.2 in [14] . We show (i). Let Γ(η) be the second quantization of η and let {W (f ) : f ∈ H} be the family of Weyl forms of CCRs on
Equivalence
When η = I, the η-CCRs and the η-CARs coincide with ordinary CCRs and CARs, respectively. We classify algebras A B (H, η), A B (H, η) and A F (H, η). 
Proof. Assume that {a(f ), a † (f ) : f ∈ H} are canonical generators of
Then we can verify that {t(f ), t † (f ) : f ∈ H} satisfy canonical relations of A B (H, η ′ ). Hence we obtain the embedding of A B (H, η ′ ) into A B (H, η). Furthermore this mapping is surjective. Therefore A B (H, η) and A B (H, η ′ ) are involutively isomorphic. In the same way, we can verify other cases.
Corollary 3.7 In Proposition 3.6, equivalences among algebras hold if
where ind ± (η) ≡ dim{x ∈ H : ηx = ±x}.
Algebra of FP ghosts
We reintroduce the algebra of FP ghosts in [1] as a Banach involutive algebra. As for the FP (anti) ghost fields in string theory, their mode-decomposed operators satisfy the anticommutation relations with the special structure owing to the Hermiticity of the FP (anti) ghost fields as follows:
and other anticommutation relations vanish. Define FP 0 the involutive algebra generated by {c n ,c n : n ≥ 0}. Let η be a selfadjoint unitary on the Hilbert space H ≡ l 2 (Z ≥0 ) by
Proof. Let {a(f ) : f ∈ H} be canonical generators of A F (H, η) and define a n ≡ a(e n ) for n ≥ 0 where {e n } n≥0 is the standard basis of H. Define the
Then we can verify that ϕ is an involutive embedding.
The completion FP of FP 0 in A F (H, η) is the Krein C * -algebra of FP ghosts.
4 η-Cuntz algebra
Definition and equivalence
η , †) be a unital involutive algebra generated by s 1 , . . . , s N which satisfies
η , * ) is the dense involutive subalgebra of the Cuntz algebra (O N , * ) [7] . Because the norm · satisfies the C * -condition with respect to * , the norm · is unique C * -norm on the involutive algebra (O (0) η , * ). (
In [1] , we generalized the Cuntz algebra to the pseudo-Cuntz algebra without topology which is an involutive algebra of operators on an indefinite-metric space. In Definition 4.2 (ii), the pseudo-Cuntz algebra is redefined as a Banach involutive algebra without use of representation. The equivalence among O η is shown as follows: Let (A, †) be the involutive algebra generated by s 1 , s 2 which satisfy the following: 
where * is the hermite conjugate on M N (C). We see that
Then α is an involutive action of
Involutive representation of O d,d ′ on Krein space
According to Proposition 2.7, we consider involutive representations of pseudoCuntz algebra.
Corollary 4.6 Let η be as in (4.3). Assume that (H, π, U ) is the covariant representation of the C
Then π is an involutive representation of
We show examples.
Example 4.7 Let (H, π) be a representation of O 2 such that there is a cyclic vector Ω ∈ H which satisfies π(s 1 s 2 )Ω = Ω. Such (H, π) is unique up to unitary equivalence and irreducible. We call the class of representation of the above (H, π) by P 2 (12) . We see that P 2 (12) is not a covariant representation of O 2 . Hence we extend representation. Let (H, π) be P 2 (12) of O 2 with the vector Ω. DefineH ≡ H ⊗ C 2 . Then V 1 ≡π(O 2 )Ω ⊗ e 0 is P (12; +1) and V 2 ≡π(O 2 )Ω ⊗ e 1 is P (12; −1). HenceH is P (1212). On the other hand, H + ≡ {v ⊗ (e 0 + e 1 ) : v ∈ H} and H − ≡ {v ⊗ (e 0 − e 1 ) : v ∈ H}. Hence H ± is not invariant under the action ofπ(O 1,1 ). 
. . , k} : j i ∈ {2, 4, . . . , 2d}} is even. Define two subspaces H ±,0 of H by
Let H ± denote their completions. Then {π(s J )Ω : J ∈ Λ} is a complete orthonormal basis of H and H = H + ⊕ H − . Define the unitary U on H by
We can verify that π • α = AdU • π. Let denote e 1 ≡ Ω, e i ≡ π(s i )Ω for i = 2, 3, 4, . . . , 2d and define {e n ∈ H : n ∈ N} recursively by e 4d(n−1)+i ≡ s i e 2n−1 , e 4dn+1−i ≡ s i e 2n (i = 1, 2, . . . , 2d, , n ∈ N).
Then {e 2n−1 : n ∈ N} ⊂ H + and {e 2n : n ∈ N} ⊂ H − . Define the new hermitian form (·|·) on H by
Then (e n |e m ) = η nm for n, m ∈ N. We see that (H, (·|·)) is a Krein space with a fundamental decomposition H + ⊕H − and (H, π) is a †-representation of the pseudo-Cuntz algebra (O d,d , †). This is just the example in § 3 of [1] .
as his notation and terminology. Remark that we change the notation and terminology from originals. Let (A, †) be the involutive algebra generated by a and a † which satisfy (1.1). We see that A = A B (C, −I) in § 3.1. Define the involutive automorphism α of (A, †) by α(a) ≡ −a and α(a † ) ≡ −a † . Define the new involution * on A by x * ≡ α(x † ) for x ∈ A. Then we see that aa * − a * a = I. Define the covariant representation (H, π, R) of the involutive dynamical system ((A, * ),
wherep ≡ − √ −1d/dq andq is the position operator on H and they are extended to selfadjoint operators on H. Then the adjoint π(a) * of π(a) with respect to the standard inner product on L 2 (R) is given by π(a)
Hence the algebra (A, †) is involutively represented on the Krein space (H, (·|·)) where the indefinite metric (·|·) on H is defined by
Then the adjoint π(a) † of π(a) with respect to (·|·) is given by
Furthermorep † = −p andq † = −q. For H ± ≡ {v ∈ H : Rv = ±v}, we see that H + (resp. H − ) is the space of all even (resp. odd) functions in H. In consequence, the replacement of involution on the Schrödinger representation gives an involutive representation of abnormal canonical commutation relations on the Krein space.
B A model with indefinite metric
It is known that there are various simple models associated with indefinitemetric quantum field theory [2, 12, 20] . Araki treated a system of a boson and an abnormal boson [2] . Nakanishi treated a system of a fermion, an abnormal fermion and a countably infinite family of bosons in the Lee model ( § 12, [20] . See also [9] ). They computed eigenvalues of Hamiltonians which are apparently selfadjoint, and showed that there exist complex eigenvalues which are not real under certain conditions. Such Hamiltonian is treated as "pseudo-Hermitian operator" in [25] .
In order to effectively explain how the indefinite-metric space appears and why non real eigenvalues are derived, we introduce a simpler model as a virtual system of transformation among a particle A to a particle B A ⇆ B. 1 is similar to that of the Lee model in [20] . For our model, it is not necessary to use the topology of indefinite-metric space and operators on it because dimV < ∞.
Assume that
We consider the above model as a representation theory of involutive algebra. Let A X be * -algebras generated by a X and let H X ≡ F + (C, η) or Then we see that H is not selfadjoint with respect to * on the positivedefinite metric space. Because the eigenvalue of H is independent in the choice of hermitian form, the result in (B.1) holds.
